It has been found a solution of the equation for classical nonstationary harmonic oscillator, with time dependent frequency in integral form. It has been shown, that the quantum optical problem for propagation of electromagnetic waves in nonlinear waveguide is related to the solutions of classical nonstationary harmonic oscillator. This method could be used for obtaining other solutions of the classical harmonic oscillator, with other time dependent frequency, if we have already determined the fluctuations σ q , σ p and covariance c qp by some different methods.
Introduction
Generation of squeezed (subfluctuant) and covariance (cofluctuant) states of various systems has stimulated a great deal of interest, due to the important prospective application of these states in optical communication and super sensitive detection system. Many schemes of processes have been suggested to generate the nonclassical states. Considerable attention has been paid to investigations of the nonclassical states of an oscillator with time-dependent frequency or mass [2] - [18] . Recently, an oscillator with a linear sweep of restoring force [9] , and oscillator which describes the quantum motion in a Paul trap [10] - [11] have been investigated. F.L. Li has also studied the squeezing property of an oscillator with time-dependent frequency [12] - [14] .
Solving the Quantum -Optical problem [20] for Anisotropic Waveguide, we have found out one new solution of the equation for classical Nonstationary Harmonic Oscillator, with time-dependent frequency:ǫ + Ω 2 (t)ǫ = 0.
The aim of this paper is to determine the classical nonstationary harmonic oscillator, which corresponds to the quantum problem of light propagation in second order nonlinear waveguide at degenerated parametric down conversion χ [2] (2ω = ω + ω), i.e. to find timedependent frequency Ω(t) and the solution ǫ(t) of equation (1) corresponding for this case.
Light propagation in anisotropic waveguide and quadratic Hamiltonians
The problem, of propagation of light from Quantum-mechanical point of view, has been investigated in series of papers [22, 23, 20] . It has also been shown in [20] that Hamiltonian,Ĥ
describes light propagation in nonlinear T i : LiNbO 3 waveguide for the case of degenerated parametric down conversion. In this paper, it has been found an explicit form of Heisenberg equations, and are also calculated quantum fluctuations of the electromagnetic field σ q (t) and σ p (t), and their covariance c qp (t) (the three independent second momenta in Probability theory [21] ):
c qp (t) = −h 2 sinh(2st) cos(2ωt).
Hamiltonian (2) has the same form in volume nonlinear materials [24] though with different coefficients, since in our case, squeezed parameter s depends on the waveguide parameters, and phase -matching conditions for this experimental geometry [20] .
Besides, the theory of quadratic time-dependent integrals of motion for nonstationary quantum system has been developed in [1] . Later, there are found different kinds of invariants [16, 17] for such systems. The most general invariants are published in [4] , and it is worth noting that they reproduce any quadratic or higher degree invariants. Indeed, ifÂ(t) is a linear invariant in relation top k andq k (k = 1, 2, ...N) for quadratic quantum system, thenÂ †Â reproduces the Hermitian invariant [16, 17] .Â †2 andÂ 2 constitude the non-Hermitian invariants. Generally, using formula
any quadratic integrals of motion fromÂ(t) could be built. Here, α i , i = 1, ..6 are time-independent coefficients. Following [3] , we will shortly recall the method of linear invariants, and will apply it for our case in one mode waveguides (N = 1) to find the explicit solution of two-dimensional harmonic oscillator. It is known that for a classical system with N degrees of freedom, there are 2N independent integrals of motion [25] . The correspondence between quantum and classical mechanics requires that for any quantum system with N degrees of freedom there should be 2N integrals of motion, which commute with the operator ih ∂ ∂t −Ĥ. They could be, either 2N Hermitian operators (for example initial operators for coordinates and momentum), or N non-Hermitian operators, also being invariants for this quantum system [3] .
Without losing generality, let us illustrate the method considering one-dimensional case (i.e. N = 1) of nonstationary quantum system described by quadratic Hamiltonian, ( the general case is considered in the first paper [4] eq. (1) )
where a(t), b(t), c(t), d(t), e(t), f (t) are real arbitrary functions of t, and [ , ] + denotes anti-commutator. Following [2] we can construct 2N = 2 non-Hermitian linear integrals of motion for this Hamiltonian
Here, ǫ(t) is a complex function, satisfying (1) and δ(t) is expressed in terms of ǫ anḋ ǫ [4] . Since, we want to deal with hermitian Hamiltonians (i.e. real a, b, c, d, e, f ) let us introduce real functions ǫ 1 (t), ǫ 2 (t) and δ 1 (t), δ 2 (t) so that
We will show, that to this general quantum system with one degree of freedom and quadratic Hamiltonian (5) corresponds the classical nonstationary two-dimensional harmonic oscillator with Lagrangian
The time-dependent frequency Ω = Ω(t) of this classical harmonic oscillator , attains different form for different quantum system. Following [2] , we will recall the general form for this frequency and we will find the explicit expression for the special case of quantum propagation of light in nonlinear waveguide. Let us construct the second type Lagrange equations [25] for this two-dimensional nonstationary harmonic oscillator (m = 1; the case with time-dependent mass M(t) could be reduced to this one by a transformation of time, see for example [3] , eq.(122) ):
These two real equations could be written
which differ from the simple harmonic oscillator by the fact that the frequency is timedependent Ω = Ω(t).
The problem, which we are going to solve, is: to find the frequency and solution for equation (10), respectively (1), which corresponds to quantum system described by Hamiltonian (5). Now we will recall the conditions [2] , necessary and sufficient for the two operators (6) to be integrals of motion:
Without losing generality of deriving the expression for the frequency Ω(t), we assume that d(t) = e(t) = f (t) = 0 = δ 1 (t) = δ 2 (t).
Hence
This reduces to
From here we see, that the operatorsÂ andÂ † are integrals of motion for quantum system with general nonstationary Hamiltonian (5), if the frequency Ω 2 (t) is connected with timedependent coefficients of the Hamiltonian as [2] :
and ǫ 1 and ǫ 2 are solutions of classical Lagrange equations (9) for two dimensional nonstationary oscillator, or respectively, solution ǫ = ǫ 1 + iǫ 2 of classical complex nonstationary harmonic oscillator. According to [2] , this solution has the general form
where ρ(t) = |ǫ(t)|. The efforts of many investigations were directed to the quadratic quantum system which evolutions are described by classical differential equation, like equation (1). In the literature there are published several equations [1, 5, 8, 16, 17, 19] connected with the harmonic oscillator or with its generalizations. In Table 1 . we have given the substitutions which transform these equations to the classical nonstationary complex oscillator ( or the same: to the two-dimensional oscillator). The first column presents the references, where the equations are taken from. More details on these equations and the relevant substitutions are presented in Appendix 1.
We would like to note one other independent approach to this method presented by Toledo de Piza [19] , where the evolution of quantum system in pure and mixed states is described by classical Hamilton equations. In the case of pure states, such two systems of Hamilton equations for the two pairs of real physical parameters {q, p} and {σ, Π} were derived earlier in [21] , to describe completely the class of the Schrödinger minimum uncertainty states. The fourth substitution in Table 1 shows the explicit connection between the classical Hamilton equation and the two-dimensional harmonic oscillator, see Appendix 1.
With these comments on the general quadratic Hamiltonian and two-dimensional harmonic oscillator we have shortly resumed the method of linear invariants, developed in series of papers [2, 3, 4] : To each quantum system, described by Hamiltonian in form (5), there is a classical two-dimensional isotropic nonstationary harmonic oscillator (or the same: complex nonstationary harmonic oscillator (1)) with Lagrangian (8) and equations of motion (9) for nonstationary frequency Ω(t) (13). Table 1 .
Refer.
Equations Substitution to get eq.ǫ + Ω 2 ǫ = 0;
follows from (14) 2 [8] 
This method is very powerful, and could be used in different directions: defining the evolution of each quantum state, transition probabilities, Berry phase etc. [3, 4, 10, 18, 21] . Now we are going to apply this method in the opposite direction: since we have solved the quantum problem for nonlinear anisotropic waveguide with particular Hamiltonian of type (5) we will now find the explicit form of the frequency Ω(t) and solutions ǫ 1 (t) and ǫ 2 (t) for this harmonic oscillator.
Many authors in their papers, concerning nonstationary harmonic oscillator for different cases of time-dependent frequencies [5] - [17] , have described frequencies, which are particular cases of general formulae received in [3, 4] . Besides, up to now, no explicit solution of equation (1) has been found for the case of parametric down-conversion in nonlinear waveguide, which is described by Hamiltonian (2). The subject of the following section is to consider that frequency for classical equation of harmonic oscillator, which solutions determine the quantum dynamics of the electromagnetic field for such waveguides.
Using the results from paper [20] for the case of Hamiltonian (2) we can express in explicit form the solution of equation (1) and the frequency Ω(t). To define the timedepending coefficients a(t), b(t), c(t), d(t), e(t) and f (t), we express Hamiltonian (2) via canonical operatorsq andp in Schrödinger picture,
Hence, for the time-dependent coefficients of (5) we obtain,
Since, we have the shape of these coefficients (16), we can define the frequency Ω(t) in explicit form,
(17) Very important in our consideration is that we have solved the quantum problem via an independent way, i.e. we have determined the evolution of the operatorsp andq [20] and their second momenta (3, 3, 3) by direct calculation. Besides, equation (18,b) from [3] gives us the connection between modulus ρ(t) = |ǫ(t)| and quantum mechanical fluctuation of q in form (for eigenstates of the linear invariantsÂ(t)):
Hence, using the general solution (14) we can obtain the explicit solution of classical equation for nonstationary harmonic oscillator (1) with frequency (17):
Since, the Schrödinger minimum uncertainty states {|z; α >} form a complete system of eigenfunctions
and remain stable in the time evolution, governed by Hamiltonians (5) [21] , the class of two-dimensional isotropic oscillators (i.e. ǫ 1,2 (t)) determines the dynamics of any quantum state ψ(t), in particular determines the propagation of light in nonlinear waveguides, with second order nonlinearity χ (2) (ω 1 = ω 2 + ω 3 ) (see [20] ).
It is well known, that solutions for the equation of time-dependent harmonic oscillator are found only in few cases [26] . The present work gives one more contribution to the class of solutions of oscillator's equation.
We have found a solution of the equation for classical nonstationary harmonic oscillator, with time dependent frequency (17) in integral form (19) . We have shown, that the quantum-optical problem for propagation of electromagnetic waves in nonlinear waveguide [20] is related to the solutions of classical nonstationary harmonic oscillator. This method could be used for obtaining other solutions of the classical harmonic oscillator, with different time-dependent frequency, if we have already determined the fluctuations σ q and σ p by some independent methods.
It is also noted that for each quantum system described by nonstationary quadratic Hamiltonian, could be confront not only complex oscillator, but and one real two-dimensional isotropic oscillator, with nonstationary frequency, which is more convenient in the case of dealing with Hermitian Hamiltonians or constructing Hermitian invariants.
There have also been found the relations between the general method of linear invariants and some particular cases from later papers, giving us the substitutions, transforming the classical equations to physically more informative equation of two-dimensional nonstationary harmonic oscillator.
Acknowledgments
This work was partly supported by Bulgarian Scientific Foundation, grant number F-81 and F-559.
The author thanks D.A. Trifonov for the helpful comments.
